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ABSTRACT

For a quadratic extension E/F of a nonarchimedean local field of char-
acteristic other than 2, let G = U(n,n) be the quasisplit unitary group
of rank n, and let P be the maximal parabolic subgroup of G which sta-
bilizes a maximal isotropic subspace. Then P has a Levi decomposition
P = MN with M ~ GL(n, E). In this paper, the points of reducibility
and composition series of the degenerate principal series I, (s,x) defined
by characters of M are determined completely. The constituents arising as
theta lifts of characters of U(m)’s are identified and their behavior under
the intertwining operator M(s, x): In(s, x) — In(—s, x) is described. The
case E=F @ F and G ~ GL(2n, F) is included.

1. Introduction

The degenerate principal series representations of split classical groups over local

fields which are induced from a character of the maximal parabolic subgroup

with abelian unipotent radical turn out to play a central role in the local and
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global theta correspondence, and, ultimately, in a number of interesting problems
in arithmetic. In the local theory, these representations are a key ingredient in
understanding the basic structure of the local theta correspondence. Globally,
these degenerate principal series play an essential part in the proof of an extended
Siegel-Weil formula [20], [16]. For these and other applications, it is essential to
know (i) all points of reducibility, (ii) the complete composition series at each such
point, (iii) the identification of the constituents as arising from the local theta
correspondence, (iv) the behavior of constituents under normalized intertwining
operators, and certain other information about generalized Whittaker models and
non-singularity. In the case of U(n,n) or GL(2n) over a nonarchimedean local
field, all of this information is obtained in the present paper. In [7], our results
are used to investigate dichotomy phenomena in the local theta correspondence
for unitary groups, to calculate local L-factors, and to interpret local e-factors
for supercuspidal representations of such groups. Our results will also allow the
proof of the extended Siegel-Weil formula of [20] to be carried over to the unitary
case. The expected formula has already found several applications [6], [3].

At the moment, our knowledge of the degenerate principal series in the gen-
eral case is incomplete, although there are a number of partial results available.
For example, fairly good information in the case of Sp(n) over a local field was
obtained in [19]. The nonarchimedean symplectic case was also considered in
[5], [11], [32]. Some results in the case of orthogonal groups were obtained in
[12]. Finally. information in the archimedean case may be found in [18], for
Sp(n,R) (items (i), (iil), and (iv), above) and [21], for U(n,n) (items (i) and
(ii)). The combination of work of Lee [21] and Zhu [37] should finish (iii) and
(iv) for U{n,n), and should complete (iii) in the case of Sp(n, R).

The methods of this paper are substantially those of [19], so that we will
sometimes omit details. On the other hand, [19] relies on a number of results
which exist in the literature only for the symplectic group and often without
published proof. Thus, for example, we have given a complete discussion of the
poles and normalization of the intertwining operator in the unitary case, based
on an analogue of the method of [31]. Some details of this computation play an
essential role in {7], in particular in the definition of the e-factor by the doubling
method, and in the interpretation of the resulting root number in terms of the

local theta correspondence.

We now give a more precise description of our results.
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Let F be a nonarchimedean local field not of characteristic 2, and let E/F
be a quadratic extension. We write £ +— Z for the action of the non-trivial
Galois automorphism of E/F. Write O for the ring of integers of E, Pg, for the
maximal ideal of O, and gg for the order of the finite field Og/Pg. We choose,
once and for all, a generator 7g for Pg, and normalize ||g via |1g|p = qgl.
Similar notations will be used for F', save that we will not fix a particular choice
of mp.

Let G be the isometry group of the skew Hermitian form defined on the space
of row vectors W = E?" via

(1.1) {u,v) = uJ 'v, with J = (_(i 161) .

Thus g € GL(2n, F) belongs to G if and only if gJ'g = J. G has a maximal
parabolic subgroup P = M N given by

(1.2) M= {m(a) = (g tao_l) |a € GL(n, E)},
N= {n(b)= (1(; 1’;) b= ‘BGM(n,E)}.

For a given unitary character y of E* and for s € C, we consider the induced
representation of G realized by the space of functions

(1.3)
I(s,x) = {®: G — C smooth | ®(n(b)m(a)g) = x(det(a))| det(a)|sE+%<I>(g)
for all g € G, m(a) € M, and n(b) € N},

where G acts by right translation. This is normalized induction, so that Re(s) =0
is the unitary axis.

Since we wish to describe the quasi-character x||% by the pair (s, x), it will
often be convenient to normalize s and x to make this correspondence unique.
Rather than requiring that x(7g) = 1 for our fixed choice of 7g, as in [33] or
[19], it will be more convenient to choose s and x so that the pair satisfies one

or both of the properties below:

(P1) x(Tg-7g) =1,

(P2) Im(s) € [0, m) .



256 S. S. KUDLA AND W. J. SWEET, JR. Isr. J. Math.

The pair (s, ) is easily made to satisfy (P1) by a shift in s, and we can also

» g(a) Tostaz) 2
which does not change | 1% This still leaves some ambiguity, however if x; and

require that Im(s) € [0 ) by merely shifting s by an element of
x2 satisfy (P1), then x1| |3 = x2||Z implies only that s; —s2 € log(q -Z. So for

lo

our given x| |%, we can replace x by x||g %5 and s by s — l—o—m, if necessary,
so that s satisfies (P2) and y still satisfies (P1). This then makes the pair (s, x)
unique. If x satisfies (P1), we will say that x is normalized, while if both (P1)
and (P2) hold, then the pair (s, x) is normalized.

We will frequently write ¥ for the character y(z) = x(&)~!. Notice that x = ¥
if and only if either x|px = 1 or x|px = €g/F, this last denoting the unique
non-trivial quadratic character of F* with kernel equal to NE(EX).

The points of reducibility of I(s, x) are given by the following theorem:

THEOREM 1.1: Let (s,x) be normalized as above.
(1) If x # x, then I(s, x) is irreducible for all s.
(2) If x|px =1, then I(s,x) is irreducible except when

n n n n
L Y ——,...,—}.
se{ 5175273 2

(3) If x|px = €g/F, then I(s, ) is irreducible except when

—1 -1 —1 —1
se{—" -2t =2 2 }

2 2 2 772

Note that, in each case, the points of reducibility consist either of integral
or half-integral points, and that I(0, x) is reducible if and only if x|px =1
and n is even, or x|px = €g/r and n is odd.

The statement of the theorem above may be slightly misleading, in that, if
one fixes a character x satisfying (P1) and allows s to vary over all of C, then
the pattern of points of reducibility is a bit more complicated than even the

usual +Z discrepancy would allow. For example, when E/F is unramified,

log(

X! g Io3te5) restricted to F equals (x|rx)-€g/r, and in normalizing s, cases (2) and

(3) of the theorem may be permuted. On the other hand, when E/F is ramified,

|5 e =1on F, and all translates by ; _oRq_“ « Z of the values of s given above

are points of reducibility.
At each of the points of reducibility described above, the constituents of I(s, x)

arise from the images of certain representations of G associated to Hermitian
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forms via the Weil or oscillator representation. If V is a non-degenerate Hermitian
vector space with dimg(V) = m > 1, then we can view U(V) X G as a dual
reductive pair in the larger symplectic group Sp(4mn, F). If x|px = €g/p» then
X can be used to construct a splitting of the inverse image of G sitting in the
metaplectic cover of Sp(4mn, F') ([15]). The Weil representation then leads to
a representation w of G in the Schwartz-Bruhat space S(V"), and in fact, for
@ € §(V™), the function w(g)p(0) lies in the space I(sp, x) for so = ™5%. We
denote the image of S(V™) in I(sp,x) by R(V,x). If x|px = 1, then x (which
acts as a character of P) extends uniquely to a character xg of G. In this case,

we let R(0,x) C I(—%,x) be the Clinear span of xg. These spaces form the
constituents of I(sq, x) as follows.

THEOREM 1.2: Suppose that x|px = €g/p and so = m=n for some m > 0. This

accounts for all points of reducibility of I(sg,x). Whenever m > 1, let V; and

V2 be the two inequivalent non-degenerate Hermitian vector spaces over E of
dimension m. These are distinguished by det(Q;) € F*/NE(E*), where Q; is
some choice of Hermitian matrix realizing the form on V.
(1) If m = 0, then R(0, x) is the unique irreducible G-submodule contained in
I(-%,x), and I(—%,x)/R(0, x) is also irreducible.
(2) If1 < m < n, so that -5 < 8o < 0, then R(V1,x) and R(Va,X) are
irreducible and inequivalent, R(V1, x) ® R(V3, x) is a submodule of I(sg, x),

and

I(s0,x)/(R(V1,x) ® R(Va, X))

is irreducible. In particular, if m = n, then R(V1, x) ® R(Va,x) = I(0, x).

(3) If n <m < 2n, so that 0 < so < §, then R(V1, x) and R(Vz, x) are distinct
maximal submodules of I(sg,x), so that I(sg,x) = R(V1,x) + R(V2, x).
Also, R(V1, x) N R(Va, x) is the unique irreducible submodule of I(sg, x)-

(4) If m = 2n, then let V} be the split Hermitian space of dimension m, and
V, the other space of the same dimension. In this case, R(Vz,x) is the
unique maximal submodule of I(%,x), and R(Va,x) is irreducible with
codimension 1. In addition, R(V1,x) = I(%, x)-

(56) Finally, if m > 2n, so that I(sq,x) is irreducible by Theorem 1.1, then the
submodules R(V;, x) are both equal to all of I(sg, x).

As with the analogous representations for the symplectic group ([19]), the
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intertwining operator
(14) M(S,X): I(S, X) - I(—S,X)

plays a central role in our calculations, and it is essential to normalize this oper-
ator. This problem is considered in section 3. The key point is to consider the
functional equation

(1.5) Wp(=s) o M(s,x) = 7(s,x, 8) - Wp(s),

((3.5) in section 3) where Wj(s) is the generalized Whittaker functional. Using
‘Rallis’s Lemma’, the computation of the factor (s, x, 8) is reduced (Proposition
3.1) to that of the factor in the intermediate functional equation (3.8) of the
family of zeta integrals attached to the prehomogeneous vector space of Hermitian
forms Herm,(F). This intermediate functional equation is then determined,
(3.9), by the method of [31]. It should be noted that the precise information
about (s, x, #) obtained in section 3 plays an essential role in the investigation
of theta dichotomy and epsilon factors in [7]. Also note that, in the present paper,
we normalize the intertwining operator M(s, x) so that M*(s, x) has no poles
and is never identically zero, rather than by a condition on the local functional
equation. Once M*(s, x) is defined ((3.27), (3.28)), it relates the quotients of
I(s, x) on one side of the unitary axis Re(s) = 0 to the submodules on the other.
The kernel and image of M*(s, x) are determined for all s and x (Propositions 5.8,
5.10, 6.4, and 6.6).

In section 2, we review the rough information about points of reducibility
and constituents of our degenerate principal series representations which can be
obtained by a direct application of the Jacquet functor. Section 3 contains the
normalization of the intertwining operator, by the method just described. In sec-
tion 4, we use the Weil representation to construct submodules at various points
of possible reducibility. In section 5, we compute the Jacquet functor with re-
spect to a maximal parabolic subgroup which stabilizes a line. This computation
reveals an inductive structure and allows us to obtain a lot of information about
the composition series and behavior of constituents under the normalized inter-
twining operator. Finally, in section 6, we compute the exponents of the various
constituents coming from the Weil representation. These allow us to complete
our picture, and, in particular, to show the irreducibility of the ‘third piece’.
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In global applications, it is also necessary to consider the case E = F @ F with
‘Galois’ automorphism z = (z1,23) — Z = (x2,21). The definitions given above
can be carried over to this case, and, after a suitable idempotent projection, we
arrive at G = GL(2n, F) and maximal parabolic P = M N given by

a

(1.6) Al:{m@¢0=<0 2)|mdeGLmJﬂh

N:M@:(% f)weMmmn
Given two unitary characters o1, 04 of F'*, we let o = (01, 02), and write (s,0)
for the quasi-character of M defined by

(1.7) (s,0)(m(a, d)) = o1(a)lalF o2(d)|d|F,
determinant being understood, as usual. The local representation
(1.8) I(s,0) = IndZ(on| [ ® 02| |°)

is of a type studied by Bernstein and Zelevinsky in [1], [2], and [36]. Suppose
now that we fix a generator 7 of the maximal ideal Pr of Op. By adjusting s
by the square root of o1(7p)/o2(7F), we may assume that (s, ¢) is normalized to

satisfy o1(nF) = o2(nF) and Im(s) € [0, ng(%p—)). We have the following result.

THEOREM 1.3: Suppose that (s, o) is normalized as above.
(1) If oy = 02 and s € {£3,%1,+3,...,+%}, then I(s,0) is reducible as a
GL(2n, F) module.
(2) For all other pairs (s,0), I(s,0) is irreducible.
(3) Suppose that ¢ = o1 = oy (in the obvious abuse of notation) and let

so = ™52 for 0 < m < 2n, m # n, so that (so,0) is a point of reducibility
for I(s,0). Then I(so,0) has a unique irreducible submodule A, and the
quotient I(s,0)/A is also irreducible, and is not isomorphic to A. For
1 <k < n, let Ppykn—-k be the standard maximal parabolic of G with Levi
factor isomorphic to GL(n + k, F) x GL(n -k, F).
(a) If n < m < 2n, so that 0 < so < %, then the irreducible quotient of
I(sg,0) is isomorphic to Indgm,zn_m(a).
(b) On the other side of the unitary axis, if 0 < m < n (so that
—% < s9 < 0), then the irreducible subrepresentation of I (s0,0)
is isomorphic to Indgzn_m'm (o).
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Notice that the irreducible quotient at sq > 0 is isomorphic to the
irreducible submodule at —s, (see also (5) below), and that both are unitarizable.
(4) These constituents are related to the Weil representation as follows. For
0 =01 =03 and so = 5" (with 1 < m), there is a construction of a dual

pair H = GL(m, F) and G = GL(2n, F) in Sp(4mn, F). The appropriate

Weil representation restricts to a representation of H x G, and there is

an injection of the H-coinvariants into a subspace of Ind%(| |52 ® [|7%).
We twist this subspace by o, and call the resulting submodule R, (m,0) C
I(sg,0).

(a) If m > n, then R,(m, o) = I(sg,0).

(b) If 1 < m < n, then R,(m,0) is the unique irreducible (unitarizable) sub-
module of I{sg, o).

(c) If m =0, then we may set R,,(0,0) = C-o C I(—%,0). This is the unique
irreducible submodule in this case.

(5) There is a standard G-intertwining operator M (s,o): I(s,0) — I(—s,5),
where 0 = (01,02) is again arbitrary, and ¢ = (02, 0,), defined by

(1.9) M(s,0)®(g) = /M( ,, 2lunntlg)db

(see equation (2.2) for wy,). This converges for Re(s) > %. We normalize
this operator by setting M*(s,0) = a(s, xo) " *M(s,0), where x, = 01/02
is a character of F*, and

a(s, Xo) = (r(28, X0 )(r (28 — 1,X0) - (P (25 — (n — 1), Xo)

is a product of Tate zeta functions (notation as in section 3 below). Then
for any o, M*(s,o) has an analytic continuation to the s-plane, and it is
never identically the zero operator. When (s, o) is not a point of reducibil-
ity, M*(s,0) is an isomorphism. When (s,o) is a point of reducibility,
M*(s,0) has the unique irreducible submodule of I(s,o)} as kernel, and
maps the unique irreducible quotient of I(s, o) to the irreducible submod-
ule of I(-s,0).

The proof of this result is sketched in section 7.

In a future paper, we plan to exploit the results just described to establish
the extended Siegel-Weil formula of [20] in the case of unitary groups. For a
quadratic extension E/F of number fields, and for a non-degenerate Hermitian
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space V with dimg V = m < n, the Siegel-Weil formula will identify the restricted
tensor product of the local representations R, (V, x) (at nonarchimedean places of
F which are not split in F) and R, (m, o) (at nonarchimedean places of F' which
are split in E) as a space of automorphic forms generated by the residues of
the Siegel Eisenstein series on U{n,n). We must, of course, include components,
arising in the work of Lee [21], at the archimedean places. Moreover, this same
automorphic representation will be generated by (regularized) theta integrals,
and the coincidence of the two definitions amounts to an identification of theta
integrals and (residues of) Eisenstein series. This application is one of the main
motivations for the present paper.
The authors would like to thank the referee for several helpful suggestions.

2. Jacquet modules
First, we define a bit more notation. If H O K are [-groups ([1]) and V is an
H-module, then let

(2.1) V(K) =spanc{k-v—v|k€ K andv €V},

so that Vg = V/V(K) is the Jacquet module of V with respect to K, a
Normg (K)-module. In particular, for any G-module V, we can regard Vn as
an M-module (or as a P-module with N acting trivially). We will frequently
regard characters of E* as defining characters of GL(n, E) via x(a) = x(det(a))
for a € GL(n, E). The relative norm and trace of the extension E/F will be
denoted by NE and TZ, respectively, while the trace of a matrix + € M(n, E)

will be written tr(x).

LEMMA 2.1: The Jacquet module I{s,x)n has an M-stable filtration
Is, ) N=I°D>I'>---D>["D>I"" =0
with successive quotients
Z7(s,x) = I'/I"* = Indgr™ (&),

where Q, C GL(n, E) is the maximal parabolic subgroup of the form

Q= {(g Z) |a €GL(n—r),be GL(r)}
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and €, is the character of Q. given by
a * . s+I5T s
& (5 3) = xaxonals Tz,

The induction above is normalized by

1
%a*_A(GL(n))’a*_g%
(5 5)- (2 ()i
so that f € IndGL(" (&) satisfies f(pg) = &-(p)6 % (p)f(g) for allp € Q., g €
GL(n, E).
Sketch of proof: First of all, we choose double coset representatives w, for
P\G/P: for 0 < r < m, let

1n—r 0 0 0

0 0 0 1,

(2.2) w, = 0 0 1., 0
0 -1, 0 0

Then the relative Bruhat decomposition holds: G = H;;OijP. Fixing s and
X, let JO = I(s,x),and for 1 <r <n+1,J ={fe€J°|f=0o0n Pw._,P}.
Alternately, define J**1 = 0, and J" = {f € I(s,x) | supp(f) C [I}=,Pw;P}
for 0 < r < n. Also define subgroups of N for 0 < r < n by

N,={n<g 0>|a— ta e M(r, )}.

We then have a P-intertwining map

(2.3) J" — Indgr™(¢,),
D — {m(a) r—»/ @(wrnm(a))dn}
N.

(N acting trivially on the right-hand space). Modulo checking convergence, it
is easily seen that this is well-defined, and that the map factors through J T+l
Gustafson checks in a similar situation [5] that the integral converges, that the
map is surjective, and that the kernel of the map J"/J™+! — Indgi‘(n) (€&,) equals
the space (J"/J™+1)(N). By the exactness of the N-Jacquet functor (see [1]), we
then have an M-module isomorphism of J%/Jyt! with the space IndQL(")(fr)
Setting I" = J§, for each r finishes the proof. 1

The proofs of the following two results are the same as those of Propositions
2.2 and 2.3 in [19], and hence are omitted.
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PROPOSITION 2.2: Suppose that (s, x) is normalized. Then

(1)
2 if , o=l
dim Homg (I(s, X), I(—s, %)) < { ifxy=yxandse{0,1,1,3,. .. 21},
1 otherwise.
(2)

2 ifxy=xands=0,

dim Hom(I(s,x), I(s,x)) < i
im Hom(I(s, x), (s, x)) {1 otherwise.

PROPOSITION 2.3: Let x be normalized, and suppose that m is a G-submodule
of I(s,x). If x = X and
n—r T

s E — + -Z forsomer with1<r<n
2 r-log(qg)

then
dim Hgm(w,[(s,x)) <2,

and hence I(s,x) has at most two irreducible submodules. Otherwise,
dim Hgm(n-,](s, X)) =1,

and I(s,x) has at most one irreducible submodule.

3. The intertwining operator and points of reducibility

In order to limit the possible points of reducibility of I(s, x), we need to do some

background work on the intertwining operator
(31) M(S,X)II(S,X) _——)I(_&X)'

As in the symplectic case, this is defined, for Re(s) > %, by the integral

(3.2) (M(5,%)®)(g) = /N B(wang, s) dn,

and by meromorphic continuation otherwise. We must specify the normalization
of the Haar measure on N. Let X = {zx € M(n,E) | ¢ = 'z}, and note that
N ~ X. Choose a non-trivial character 1 of F*, and let dz be the self-dual
measure on X with respect to the Fourier transform defined by

(3.3) / o(x)Y(tr{zy)) dz,
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for ¢ € S(X), the space of locally constant, compactly supported functions on
X. We then have ;&(x) = ¢(—x). The measure used in the definition of M (s, x)
is dn(x) = dz. Note that this measure, and hence the operator M (s, x), depends
on the choice of .

Our immediate goal is to normalize M(s,x) so that it is entire and non-
vanishing (as an operator), and to determine when the normalized operator is
injective. To do this we consider the generalized Whittaker functional Wg(s) on
I(s,x) as in Karel’s paper [13]. This functional is defined, for 3 € X and for
Re(s) > %, by the integral

(3.4) (%@@@=wammwwmmmu

If det(8) # 0, Wg(s) has an entire analytic continuation, and by uniqueness,

satisfies a functional equation
(3.5) Wa(—s) o M(s,x) =v(s,x,8) - Ws(s)

for some meromorphic function (s, x,3). Our normalization of M(s,x) will
depend on an explicit computation of (s, x, 8), which is the analogue, in our
situation, of the local factor of Shahidi [28], [4].

As we will see in a moment, the local factor (s, x, 3) is closely related to
the family of zeta integrals attached to a certain prehomogeneous vector space.
Let Y = {z € X | det(z) # 0}, so that the triple (GL(n, E), X,Y) forms a
prehomogeneous vector space, as in Igusa [8]. An element g € GL(n, E) acts on
r € X via z — gz'g, and this action divides Y into two orbits: Y = ¥; [[ Yz,
where we may take Y1 = {z € X | det(z) € NE(EX)}, and Y2 = Y ~ Y, [10].
There is a GL(n, E)-invariant measure on Y given by

dz

(3.6) d*r = m.

For a unitary character 7 of F* and for ¢ € S(X), we can then define zeta
integrals via

(3.7) 4ua@=/rwmw@mw,

for j = 1,2. Similarly, we define Z(s,1,¢) by integrating over Y rather than
Y;. These integrals converge for Re(s) > 0 and have meromorphic analytic
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continuations. There is an intermediate functional equation of the form

(3.8) Z(s,T,¢) = Zej(S,T)Zj(n - s,T“l,qS),

where the e;(s,7) are meromorphic in s. (The complete functional equation
relates Z;(s, 7, ¢) to Z;(n—s, 771, <Z>) for j =1, 2.) For any 8 € Y}, it is convenient
to write eg(s, 7) in place of e;(s, T), although the factor depends only on the orbit
of 8. In the appendix to the current section, these factors have been computed
to be

-1
(n=1)n i

(3.9) es(s, ) =ye(@o NEY 2 ep/r(B)" 1 H pr(s+r—(n—1),7 €g/F)
r=0

Here ~g is the Weil index (an eighth root of unity) of the indicated character
of second degree of E*, and pr(s,7) is the y-factor from the local functional
equation for GL(1, F) in Tate’s thesis. In brief, if we define {r(s,7) to be the

zeta function of F' given by

ﬁ”q__s if 7 is unramified,
(3.10) Cr(s,7) = { 1 i if 7 is ramified,
then

(3.11) pr(s,7) = C—F(CIF—(—S\;,TT):T) - (exponential factors).

For more detail, see the appendix to this section. Now we solve for v(s, x, 5).

PROPOSITION 3.1: For any 8 € X with det(B8) # 0, the factors eg(s, x) and
v(s,x,B8) from the respective functional equations of Z(s,x) and Wg(s) are
related by

es(2s,x) = x(B)IBIE v(s,x, B)-

Note that (s,x) need not be normalized here, and also that both sides depend
only on x|px.

Proof: Given 3 € X with det(8) # 0, choose ¢ € S(X) satisfying $(8) # 0,
and define a section ®,(s) € I(s, x) by requiring that supp(®,) C Pw.N and

(3.12) O, (w,n(b),s) =p(b) forbe X.
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Notice that
(3.13) Wo@2,)(e) = [ Bywan(s), () db
= [ ettty @ = 59)
Let ¥(—s) = M(s,X)®, € I(~s, %). Then by (3.5) and (3.13),
(3.14) (Ws(=35)¥)(e) = 7(s, x, B)¢(B).-

By the definition of Ws(—s), for Re(s) < 0 we also have

(3.15) Wa(=s10)(e) = [ Wwan(t), =) (b)) b,
while for Re(s) > 0,

(3.16) T(wnn(b), —s) = /X &, (wnn(e)wan(b), s) da.

But forz €Y,

BT  wan(z)w, = (;1 _01) - ("5_1 _lx) wan(—z~Y)

= wpn{z)w,n(b) = <—a(c)‘1 _lx) wpn(b —z71).

We use the notation ¢(y) = ¢(b+ y) for any ¢ € S(X) and b € X. Then for
Re(s) > 0,

¥wan(t),=s) = [ x(=a")=a 5 F o - o) da

(3.18) = [ xcam =g e
= [ x@elzonio)a*a
= Z(23) Xs ‘Pb)
(note that ||z = [|%), this final equation holding now for almost all s by the

continuation of Z(2s). So for Re(s) <« 0 we have

(3.19) (Wa(=5)T)(e) = /X 225, x, 05 (tx(65)) db

2
= Z €; (25, X)Ija
j=1
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where 7; is the integral

(3.20) 7, = /X Zi(n — 25, X1, {n)) b (tx(b3)) db

Now let B = {b € X | b;; € Op and b;; € O for all i < j}. For r € Z and some
choice of generator = of Pg, set B, = #~" - B, so that X = U:°=0 B,.. Then for
Re(s) < 0,

(3.21)
Z; = lim Hp|n=2s zyd*z P(tr(bB
v Tl /T/ x() " |z|F (‘Pb)( (tr(bB)) db

= Jim [ x(@) el0(o) | [ wiero(s - 2)ae] s
Y; B,

—

since (pp)(x)

Y(— tr(bz))p(x) and both integrals are over compact sets. But
(3.22) [ (e -2 db = du( - 5),
B.

where ¢,.(x) is the characteristic function of B,. There is some constant ¢ € Z
such that supp(qgr) C B.-r, and we note that {B.-.}32, gives a system of
compact open neighborhoods of 0 in X. Since x, | |F, and ¢ are locally constant,
there are two cases:

(1) If 3 € Y; (an open subset of X), then for r large enough,

/ (@)Yl 72 @(2) . (@ — B) dz = /B X(2) 2|72 ¢ (2) . (z — B) de

7

— -1 28 o (T —
x(B) 1Bl 5)/+ - r¢ B) dz
(3.23)

=nm*w;wm£@mwm

= x(8)~11815°%(8)8,(0)
= x(8)~Y1815°%(8)-

(2) If, on the other hand, 8 ¢ Y;, then the integral is clearly 0.
So Z; equals either 0 or x(8)~ 1[ﬂ|"8 $(B), and we have

(3.24) (Ws(~—35)T)(e) = es(2s,x)x(8) " I1BIE"(B),
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which, combined with equation (3.14), yields

(3.25) v(s,x,8) = x(B)7IBl5 e (25, x). W

Notice that v(s, x, 3) depends on 8 in a fairly trivial way. In order to separate
out the behavior of the zeros and poles of ¥(s, x, 3), we will write

(3.26) 7(s,X) = (8, X, In)-

Now we can perform a fairly detailed analysis of the intertwining operator
M(s,x). Let

n—1
(3.27) a(s,x) = [[ ¢r2s+3i— (n—1),x - €gp),

j=0
which is just the numerator of v(s, x) when it is written as a quotient of products
of zeta functions (see equation (3.9) and Proposition 3.1 above). We normalize
M (s, x) by setting

1

a(s, x)

(328) M*(SsX) = M(S,X)

PROPOSITION 3.2: The normalized intertwining operator M*(s, x) is entire, and
for any given value of s € C, there exists a holomorphic section ®(s) € I(s,Xx)
such that M*(s,x)®(s) is non-zero. Furthermore, if (s,Xx) is normalized, and
(s,x) ¢ R, where

R={(s,x) € Cx EX | y(8,x)7(=8,%) = 0, or x = X and s = 0},

then M*(s, x) is an injective operator, as is M*(—s, x), by symmetry.

Proof: The first step in the proof that M*(s, x) is entire is a standard check
(as in [24]) that the analytic properties (i.e., degrees of poles and zeros) of the
family of sections

(3.29) M(s,x)®(s)

(as ®(s) ranges over all holomorphic sections of I(s,x)) coincide with those of

the family of functions

(3.30) M(s, x)®y,(wn, s)



Vol. 98, 1997 DEGENERATE PRINCIPAL SERIES FOR U(n,n) 269

(as ¢ ranges over S(X)). This fact is sometimes referred to as Rallis’s Lemma
[29]. See the proof of Proposition 3.1 for the definition of ®,. Next, setting b =0
in equation (3.18) of that proof yields

(3.31) M(5,X)®(Wn, 8) = Z(28, X, ¥)-

Note that, in fact, the right-hand term above depends only on x restricted to F™
as does a(s, x). So the first two assertions of Proposition 3.2 reduce to analogous

assertions about the functions

(332) : Z(23,X,(P)-

a(s,x)
Since a(s, x) is also the common numerator of the factors e;(2s,x) occurring
in the functional equation of Z(2s,Y, ), the proof from this point on follows
that of the theorem on p. 106 of [24]. This concludes the proofs of the first two
assertions.

Now, given that M*(s, x) is entire, the operator
(333) M*(—S’X)OM*(SaX): I(S’X) ——)I(S’X)

is well-defined, and, since we are assuming that (s, x) ¢ R, the operator must in
fact be a scalar, by Proposition 2.2. By using the functional equation (3.5) of
Ws(s) twice, we have

v(8,8) 1(=5X%0) - Ws(s).

(3:34)  W(s) o M"(=s,%) 0 M"(3,0) = ~ 0% - 5y

If we apply this to a section of the form ®,(s), noting that (Ws(s)®,)(e) = ¢(85)
can be chosen to be non-zero, we can conclude that
(87 X> ,6) . 7(—3’ X, IB)

a(s’X) a(—Sa)Z) ;A 0

(3.35) M*(=s,%) 0 M*(s,x) = i

This proves the injectivity of M*(s, x). [ ]

We can now state the theorem giving the possible points of reducibility of
I(s, x)-
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THEOREM 3.3: Suppose that (s, x) is normalized, and let
R={(s,x) € Cx EX | (s, x)v(—=s,%) =0, or x = x and s = 0}.

If (s,x) ¢ R, then I(s,x) is irreducible.

Proof:  Suppose that (s,x) ¢ R, and that A C I(s,x) is a proper irreducible
submodule. Then we have an exact sequence

(3.36) 0— A5 I(s,x)— B—0

o —

with A and B non-zero. Taking contragredients, and noting that I(s,x) =~
I(—s,x~1), we obtain

(3.37) 0—B—I(-s,x)) > A—0.
Now let § € GLp(E?") be given by
(3.38) (z,v)6 = (z,-7) for (z,y) € E" @ E™ = E?",

and note that conjugation by é preserves G. If the action of G on A is given by
7, let 7° be defined by 7°(g) = m(6='gé), and denote this new representation by
A®. By Theorem IIL.1, p. 91 of [23], since A is irreducible and admissible, A~ AS

Also notice that I(s, x)® >~ I(s,x~1) via & +» ®%, where ®%(g) = ®(6~1g6). This
ab

relative to the
cd

follows from the fact that, if we represent g € G as g = (

complete polarization E*® = E™ @ E™, then §~1g6 = (_6_ ‘JE). Hence we may

define a mapping

(3.39) T € Hom(I(=s,x™"), I(s,X™"))
via
(3.40) I(=s,x7Y) =5 A~ A% < I(s,x)° = I(s, ).

Clearly ker(T) = B, and 0 # B G I(—s,x7Y).

Now (s, x) ¢ R implies that (—s,x~!) ¢ R (as R only depends on x|rx), and
so M*(—s,x~!) is injective by the preceding Proposition. Since T is non-zero
and non-injective, the dimension of Homg (I(~s,x~1), I(s, ¥ 1)) must be at least

2, and so it follows that x = ¥ and s € {0, —1,-1,..., 152} by Proposition 2.2.
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Next, we repeat the argument using a non-zero irreducible submodule C C
ker T'. This yields an operator T € Homg(I(s, x), I(—s, X)) which is again non-
zero and non-injective. Hence T’ is not a multiple of M*(s,x), so that the
dimension of the given Hom space is at least 2, and again we conclude that
x = x and s € {0, %,1,...,"7‘1}. But now we have shown that (s, x) = (0, X),
which contradicts (s, x) ¢ R. ]

For convenience, we list the pairs (s, x) € R in a more elementary form. First,
note the following.

LEmMMA 3.4: Suppose that x is normalized. Then either
(1) x = X, in which case x|px =1 or x|px = €g/F, or
(2) x # X, in which case both x|px and (x|px) - €g/Fr are ramified characters
of F*.

Proof: The first assertion is trivial, so suppose that ¥ # x. First assume
that E/F is an unramified extension. Then 1 and eg/p are the only unramified
quadratic characters of F*. It is easy to see that if x|px were unramified, it
would also be quadratic due to the normalization of x, and so it would have to
equal one of 1 or eg/r. Since this is not the case, x|rx must be ramified. The
same reasoning shows that (x|px)-€g/F is also ramified. Suppose next that E/F
is ramified. In this situation, if x|Fx were unramified, it would be trivial, since
nr = NE(nE) generates Pr. Hence x|rx must be ramified, and similarly for
(x|Fx) - €E/F- ]
LEMMA 3.5: Suppose that x is normalized. If x = x, then let x|px = EE/F,
where m = 0 or 1.

(1) Suppose that E/F is an unramified extension, and that x = x. Then

v(s,x) = 0 when

sen+2—k+—l—-(m+2Z) forlSkS[n+l],
2 log(gk)
or when
n+1 i n
—_— —_— 1+42Z for1<k<|=].
$€ — +10g(qE) (m+1+2Z) or1 < _[2]

(2) Suppose that E/F is ramified, and x = x. If m = 0, then v(s, x) = 0 when
n+2 i n+ 1]
|-

s € +
2 log(gr)

WA forlgkg[
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If m =1, then v(s,x) = 0 when

se n+1 K+ 5
2 log(gk)

(3) If x # x, then v(s,x) has no zeros.

Z for1<k< [g]

This is an easy computation using equation (3.9), Proposition 3.1, and Lemma
3.4.

The list of possible points of reducibility is much simplified by assuming that
(s, x) is normalized. As noted after Theorem 1.1, this has the slight disadvantage
that one cannot fix Y and consider when reducibility occurs as x| |% varies over
all quasi-characters in the equivalence class of x.

THEOREM 3.6: Let (s,x) be normalized.
(1) If x # X, then I(s, x) is irreducible for all s.
(2) If x|px =1, then I(s,x) is irreducible except possibly when

s=0 or

2 1
s=:i:<n; —k) forsomeksatisfyinglgks[n; ]

(3) If x|px = €g/F, then I(s, x) is irreducible except possibly when
s§=0 or

n

1
s=:i:(n;_ ——k) for some k satisfying 1 < k < [2]

Appendix to Section 3

Here we will solve for the factors eg(s, 7) in the intermediate functional equation
(3.8). The computation is along the same lines as that in [31]. Let all notation
be as given earlier. For brevity, we write N and T for the relative norm and
trace, respectively, of the extension E/F.

First, recall that for ¢ € S(F) and for any character 7 of F'*, Tate’s zeta
function is given by

(3a.1) orlin) = [ elar@elsda,

It satisfies a functional equation

(3a.2) Syl %) = pr(7] %) - (8, 7 HIF),
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where ¢ (depending on the choice of 1) was defined earlier. As in [33], pr(7||%)
is easily computed to be

pr(7||F) =
(3a.3) _t

—D— - —_—D= D s—1 S, T
qr’ Z r(erg " p(enP ) ‘I;“ we-b,__trle7) _ )_1 )
CF(]-_SaT )
e€Ur /(1+PL)

where PL is the conductor of 7, and D is maximal so that ¢ = 1 on P52, Also,
’P},; is the conductor of the character ro N of EX,sothat roN =1on1+ ’P{;.
Note that pg depends on the choice of 1, and that the term in brackets [] above
is a Gauss sum having absolute value 1.

The computation of eg(s, T) begins with the following:

LEMMA 3A.1: For €Y and Re(s) > 0, we have
eols,7) = (Bl [ r(@)lelidlazs)
where C is a sufficiently large compact open subset of X.
Proof: If L C GL(n, E) is the kernel of the natural map
GL(n, Og) — GL(n, Og/PL),

then L is a compact open subgroup of GL(n, Og) and det(g) € ker(7 o N) for all
g € L. Let g be the characteristic function of the orbit L[3] of # under L, and

set ¢ = g, so that ¢(x) = Pp(—z). We then apply the functional equation (3.8)
to ¢. The right-hand side yields

(3a.4) (RHS) = 65(8,7‘)/ (z) 2|5 dx
L{B)
= eg(s, 7)7(8) " |BIF"m* (L[A)),

where m* (L[f]) is the additive measure of L[3] C X. On the other hand, letting
C D —supp(yp) be a compact open subset of X which is stable under L (this is
easily chosen),

(3a.5) (LHS) = /CT(x)|:c|" [/L[ﬂ]d)(- tr(xy))dy] d*z

- / / (@)} (tr(zy)) 4"z dy.
L[glJC
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Normalizing Haar measure dg on L so that [, dg = 1, the above equals
(LA // )|z |*P(tr(zgB*g)) d* x dg

Gas)  =m*(2lg) [ [ rl'5e0) ‘gaglblen('guas)) ¥z do
m(L{B) [ r@)lal*ber(om))

Equating the two sides gives the result. |

The next lemma permits eg to be computed by induction on n. We will write
es(s,7) = ej(s,7) and X = X™ to make the dependence on n apparent.

LEMMA 3A.2: Fix a GL(n, E) orbit of Y, and choose a representative 3 of that
orbit of the form 8 = (ﬁ‘ 5a ), where 3, € diag(n — 1, F*) and 3 € F*. Then
forn > 2,

ej(s,7) =I(n—1,s,01,8) - egl"l(s -1,7)

where
I(n—1,s,01,082) = T(ﬂz)lﬂzl;‘lﬁﬂp/ r(c)le|$ ™ 2P (tr(Bc ' BBy) + cf2) dB de,
and the integration takes place over the set

A= {(B,c)€ E""' x F| Be!B € ¢y, Bc € Cy, and ¢ € C3}

for sufficiently large additively-closed compact open sets C; in the appropriate
spaces. Here, B is a column matrix, and the measures are as described below.

Proof: First, note that the self-dual measure on X with respect to the character
9 is given by

(3a.7) dr = (ﬁ dxii> . H dz;;

i=1 1<i<j<n

where dz;; is the self-dual measure on F' with respect to 4, and for ¢ < j, dz;;
is the measure on E which is self-dual with respect to the Fourier transform on
S(E) defined by the character oT. This follows from the fact that for z, y € X,

(3a.8) Y(tr(zy)) (H'/) Illuyu)) (H ¢(T(xijyji))) .

i<j
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If an element © € X™ is written as

(32.9) = < o V)

c
forUe X", VeMn-11E),and c € X! = F, then we have
(3a.10) der =dU - dV - de,

where dU and dc are the usual measures on X™ ! and X!, respectively, and
dv = ]2 Vi, for dV; the measure on E defined above. As in [24] and [31],
there is a homeomorphism

(3a.11) X" IxMn-1,1,E)x F* — {2 € X" | Znn # 0}

given by

win w3 2) (4 9) (G 8)= (5 %)

From the Lemma 3A.1,
(3a.13)

eaton) =r@ate [ 7 (5 ) (5 )7 ven(57) (5 2 )pavav ae

F
After making the change of variables U = A + Be!B, V = Be, this yields
(3a.14) ej(s,7) =
T(B)1BlF / T(A)7(Q)|Al5 " |e|3 "P(tr(ABy + Be'Bpr) + cBa)le[F**dAdB de,
where we choose sets C; so that (schematically) we may write
(3a.15) C= ( %2 52) ,
and the integral is over the set
(3a.16) {(A,B,c)| A+ Bc'B € C1, Bc € Cq, and c € C3}.

Integrating with respect to A first, we have

(a17) e(s,m) = (B8l [ (el (tr(Be* BBy) + cb)x

BCECQ ,C€C3

[/ T(A)‘Al‘;‘—l’t/;(tr(Aﬂl)) d*A| dBde.
A+BctBeC,
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By the same argument used in Proposition 4.2 of [31], the integral in brackets

above equais

- 1—-s n—1 . —
(3a.18) { 70'(ﬁ1) H6ulp °-e5 (s —1,01) if Be'Be(y,

otherwise.
Collecting terms gives the required result. [] '

To complete the induction, we still must simplify the integral
I(n —1,s, 01, B2). First of all, we may choose the sets C; carefully so that

(3a.19)
A={(B,c)c E"'xF|cePN,and cN(B;) e P¥ for1<i<n-1}

for any M and N satisfying 2N < M « 0. If 8; = diag( {1), .. .,ﬂln_l)), then

n—1

(3a.20) tr(Be'Bp,) = Z C,Bii)N(Bi)a

i=1

and we have

(32.21) Z(n—1,s, 01, B2) = 7(82)|Bal 1B x
n—1
s+n—2_7 - i) ) )
/P " 7(c)|e|3 9 (cBs) [IJ1 /cN(Bi)GPg ¥(cBN(B;))dB;| de.

The integral in brackets may then be written in terms of the Weil index:

LEMMA 3A.3: Let x4 stand for the characteristic function of any set A. Then
for M <« 0,

(%) [ xpy @N®) wlzN ) b= (L )lel

for any x € FX, where f,: EY — T is the character of second degree given by
fz(y) = ¥(zN(y)) and Ye(f.) is the Weil index of f, (see [34], [31], or [27]). The
measure db on E is chosen (as above) to be self-dual with respect to ¢ o T.

Proof: Fix x € F*, and choose L € Z so that zN(b) € PM if and only
if ord(b) > L (ord standing for the order mod Pg). Then L = L(M,z) is
the smallest integer which is greater than or equal to ML;d@—’l. Suppose that
¥ oT =1 on PzP, but not on PzP~!, and define A = PE(L+D+°“'(I)). It is
easy to see that

m(A) ifbe PE,

0 otherwise.

(3a.22) [ vty - {
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Hence the integral () in the statement of the lemma can be written as

3223) (= [ xpgOppteNO)db=mia) [ [ vl + TenD dy

IfM < -D-1, then ord(zN(y)) > —D for all y € A, and we can “complete the
square”:

(3a.24) () =m) [ [ xacuwien e+ ) dyds

=m(A)"I/E/Ex/a(b—y)fm(y)dydb-

We are now essentially done by Corollary 2 to Theorem 2 of Weil [34], save that
we must compute the modulus of the symmetric morphism p,: £ — E associated
to f.. Since

(3025) fola+Dfa(0)£o(8)™ = B(aN(a-+b) - Na) ~ N(B)) = w(zT(ab),

pz takes b € E to the mapping a — (2T (ab)). But in our definition of the
Fourier transform on E, we have already chosen an isomorphism E ~ E via
b — 1, where 1(c) = %(T(bc)), and the measure on E which is dual to our
fixed measure on FE is exactly the measure on E which is inherited from E via
this isomorphism. Hence the modulus of p, equals |z|g = |z|%. So finally by
Weil’s result cited above,

(32.26) () = e leelEm(A) ! [ xa(o)do = ve(fe)le

as claimed. [ ]

Next, note that by choosing a basis for E/F, the Weil index of f, can be
related to the “standard” Weil indices on F, as in Rao [27]. This allows the

following simplification:

LEMMA 3A.4: With f, as above, and eg/r the unique non-trivial character of
F* which is trivial on N(E*), we have

Ye(fe) = €gyr(x) - YE(f1) = €g/F(x) - YE(Y O N)
for all x € F*.

Proof: Choose b € F such that E = F(v/b). If ¢ € E is written as ¢ = a + Svb
for a, B € F, then

(3a.27) fa(c) = p(z(a® - b6%)) = P(za®)p(-bzp?).
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Using Rao’s notation [27], in which z1 stands for the character of second degree
on F defined by zv(a) = ¥(za?), we see that

(3.28) fo = (@) x (~bew)
with respect to the isomorphism E ~ F' x F' chosen above. Hence
(32.29) ve(fe) = vr(ay) - Yr(=bz),

since Weil indices respect direct products [34]. Again, in Rao’s notation,
’YE(fm) = ’7F(x’ w)%"(l‘, "bw) = 71"‘(1": 111)2(1‘, _b)F
ve(f1)

= (z,b)r = €g/r(x)

by the appendix of Rao [27] (also summarized in [30]). Here, (,)F is the Hilbert
symbol of F. |

(32.30)

Applying these last two lemmas to equation (3a.21), we obtain
LEMMA 3A.5:
I(n—1,8,81,62) = ve(¥ o N)"eg/r(Bi)ep/r(B2)" pr(s, 7" 6%7})-

Proof:
(3a.31)
I(n - 1, S, ﬂl’ 62)

=7(82)|B21 511 F
n~—1

x /P TOlelF ™ (eBy) [H e/ r(cB) e o N)|cB |5 | de
i=1

F

5o N [ r(ch)leBalpb(eta) epye(c™ det(B) e

F

=v5( 0 N leg/e(B)ese (@)™ [ (- ei7b@)lelpila) d*a.

F
Now, applying the functional equation (3a.2) to ¢(z) = ¥(z) - Xpy, it is easy to
see that (($,w) = 1 for any quasi-character w (if N <« 0 is small enough), so
that the result follows. |

An easy induction on n gives the final result:

ProPOSITION 3A.6: For any # € Y, and any character T of F*, we have

n—1
es(s,7) = ny(z/_; ) N)Sﬂ_.flﬂq.;/,.«(ﬁ)"‘1 H pr{s+r—(n—-1),7- eE/F).

r=0
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4. Submodules

Now suppose that (sg,x) is a possible point of reducibility of I(s,x) as given
by Theorem 3.6. In this section, we will use the Weil representation to produce
proper G-submodules for most of these points. Since x = X, write x|px = e}f}/ F
for any integer m > 0 of the correct parity. Notice that if sy # 0, then sg € Z
if and only if m and n have the same parity; otherwise so € (3 + Z). So we let
sp = ™5, and note that this accounts for all possible points of reducibility, save
when sg = 0 and the parity of m is different from that of n. In this last case, we
will prove, in a later section, that I(0, x) is irreducible.

For each m > 1, let V, (,) be a non-degenerate Hermitian vector space over
FE with dimg(V) = m. For a given m, there are exactly two such spaces (up to
isometry), distinguished by the two possibilities for det((v;,v;)) € F*/N(E*),
where {v;}™, is some choice of an E-basis for V. Let W = E?" be the space of
row vectors with skew-Hermitian form given by (u,v) = uJ '%, so that G = U(W)
is the isometry group of W. Then we can construct a non-degenerate skew-
symmetric F-linear form (a symplectic form) on the F-vector space W = VW

via
(4.1) <, >»>=TF((,)®(, ),
and, in the usual way, this gives a dual reductive pair

(4.2) U(V) x G — Sp(W).

If 11 S/?W) — Sp(W) is the metaplectic extension cover of Sp(W), then ([15])
gives an explicit splitting of the extension II7!(G) of G. This depends on the
choice of a character extending €3 /E F* — T to E*, and we choose the character

——

x in our situation. When the Weil representation Q,, of Sp(W), associated to 9, is
realized on the space §(V™), as is usual when restricting to dual pairs, and when
we compose (2, with the splitting just mentioned, we obtain a representation
w = wy of U(V) x G in the space S(V").

LEMMA 4.1: The representation w described above is given by the following
formulas.
(1) For G = U(n,n), if o € S(V"), a € GL(n, E), b= tb € M(n,E), and w, is
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as in the proof of Lemma 2.1, then
2

w(m(a))p(z) = x(det(a))| det(a)| 5 ¢(z - a),
w(n(b))p(x) = P(tr((z, 2)b)) (z),
and

wlur)pla) = | YTE otx(a",2) o(a' +2) dz

The representation w is defined on all of G by the Bruhat decomposition:

if g = pyw,ps for p1, po € P, then w(g) is defined by
w(g) = w(p1)w(wr)w(ps)-

The notation is as follows: For 1 < r < n, write V* = V*" & V" and
x = =’ + £ to indicate that x' € V™", and " € V". The measure
dz on V" is chosen to be the product of the Haar measures on V which
are self-dual with respect to the Fourier transform defined by the pairing
YoTE(,): VxV — T. v is a certain 8" root of unity depending on V
and x which is given explicitly in [15].

(2) For U(V), w is given by w(h)p(x) = ¢(h~'z), where z € V", and

R iz =hY(zy,...,2.) = (A 2y,.. LRz,

A parallel construction for a symplectic-orthogonal dual pair is given in [30],
for example, or in many other sources.
For any character x restricting to €g /F> and any choice of V' as above, we have

a G-intertwining map

(4.3) S(V™) — I(s0, x)
given by
(4.4) pr— {g— w(g)p(0)}.

Denote the image of this map by R,(V, x). Rallis’s Theorem on coinvariants [25]
is extended to the unitary case in [23], so that

(4.5) Ru(V,x) = S(VMuvy,

where S(V")y(v) is the maximal quotient of S(V™) on which U(V') acts trivially.
The analogue of Proposition 3.1 of [19] holds:
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PROPOSITION 4.2: Assume that 1 < m = dimg(V) < n, so that sg < 0. Then
R, (V,x) is an irreducible and unitarizable G-module, and the restriction of this
representation to P is also irreducible.

The proof follows that of [19] closely. In the next proposition, we begin to
gather together the facts about the constituents at the points of reducibility.
One definition is needed first. As in [27] and [15], we define a map

(4.6) z: G — EX/N(EX)

via the relative Bruhat decomposition of G with respect to P. For example, on
the open cell

(4.7) z(nim{a) )wynem(az)) = det(a;) det(as) mod N(E™)

for any ny,ny € N, and ay,a2 € GL(n, E). For the definition of z on the other
cells, we refer the reader to [15].

PROPOSITION 4.3:

(1) Suppose that 1 <m < n and x|px = e’g/F, so that so = 25 < 0. Let V}
and Vy be inequivalent m-dimensional Hermitian spaces over E. Then the
spaces R, (V1, x) and R,(Va, x) are inequivalent, irreducible G-submodules

of I(sg, x). In fact, we have

R.(Vi,x) ® Ra(V2,x) C I(s0, x),

and these are the unique irreducible G-submodules: In the case so = 0, we
have equality:

Rn(vla X) ® Rn(‘/?v X) = I(SOa X)

(2) If so = —%, suppose that x|px = 1, and define xg: G — T by x¢(g) =
x(z(g)). Then x¢ is a character of G extending x o det on M, and if we
define

Rn(O, X) =C- XGs
then R,(0, ) is the unique irreducible G-submodule of I(sg,x). (Notice

that if so = —% and X|px = €g,p, then I(so,X) is irreducible by Theorem
3.6. In this case, x¢ is not a character.)
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(3) IfV is a Hermitian space with dimg(V) =m > 2n, or if m =2n and V is
split, then
I(307 X) = Rn (Vy X)

In discussing the proof of this result, we summarize the details of the analogous
work in [19]. As before, let X = {z € M(n,E) | z = *z}, and for a Hermitian
space {V, (,)}, define the moment map

(4.8) wvht — X
by
(4.9) p(z) = ((xi, x;5)), where z = (r1,...,2,) € V™.

For any 8 € X, let 15 be the character of N ~ X given by v¥g(n(b)) = ¥(tr(b3)).
We define a special subset of V":

(4.10) Vg = {z € V™ | the E-ranks of = and p(z) equal min{m,n}}.

Here, the E-rank of z is the dimension of the E-subspace of V spanned by the
components of z, while the rank of u(z) is its rank as a matrix in M(n, E). By
a basic calculation ([1], [25], [23]), we have:

LEMMA 4.4: Let B € X.
(1) The twisted Jacquet functor S(V") — S(V™)n,y, can be explicitly realized
by the restriction map S(V") — S(u~1(8)).
(2) In particular, if p=1(8) = 0, then S(V™*)ny, = 0.
(3) If B € u(V;%,), then p~1(P) is a single U(V)-orbit, and the space

Rn(V, X)N,wa = (S(Vn)U(V))N,¢p = (S(Vn)N,wp)U(v)
is one-dimensional. The map S(V™) — R,(V, x)n,y, is given by integration
against a U(V)-invariant measure on u~1(f).

Proof of Proposition 4.3: (1) If V4, (,); and V4, (,)2 are inequivalent non-
degenerate Hermitian spaces of dimension m with m < n, then we have two
moment maps:

(4.11) e V2 — X, r=1, 2.
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Choosing bases {v&r),vér), .. .,vfﬁ)} for each V,, let Q, be the matrix of scalar
products ((vfr),v](.r)))r for = 1 and 2, respectively. That the spaces V, are
inequivalent amounts exactly to saying that Q; and Q> are not equivalent un-
der the usual GL(m, E) action on H(m, E). With the isomorphisms V* ~
M(m,n, E) induced by our choice of bases, we clearly have u.(z) = 'zQ.%
for x € M(m,n, E), and it is not hard to show that

(4.12) 11V o) = GL(n, E) - (%1 8) ,

and similarly for V5. But then the failure of @, and @5 to be GL(m, E) equivalent

means that in fact

(4.13) 1 (VT reg) N2 (V3! 1og) = 0.

Using Lemma 4.4 above, we can then show that R,(V1,x) % Rn(V2,x). Fix
G = (%1 g), and consider the following. Applying the exact Jacquet functor

( )N,us, to the exact sequence

(4.14) 0—S(V3) (UMW) = S(V5') = Rn(Vasx) — 0,

yields another exact sequence

(4.15) 0= SV ) U(V2))Nws, = S(V3')Nws, = Bn(Vas X)Nws, — 0.
But now x5 '(3;) = @ by our observation above, and so by the lemma,
(4.16) Rn(Va, X)N s, = 0.

On the other hand, 81 € m(V],,,) implies that Rn(V1,X)ny, is one-
dimensional. Hence the spaces R,(V;,X) cannot be isomorphic as G-modules,
and the first part of (1) follows by Propositions 2.3 and 4.2. The statement about
I(0, x) is due to the fact that I(0, x) is completely reducible, taken together with
Proposition 2.3.

(2) By Proposition 2.3 again, the main point which must be checked is that
Xx¢ is a character. But this follows from the fact that for any g1,¢92 € G, the

quotient

z(g192)

(4.17) 2(g1)2(92)
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actually lies in F*, although the factors are in E* ([15]).
(3) Suppose that m > n, and define
(4.18) " = {x € V" | the E-rank of  is n}.
Exactly as in [19], under the assumption that the moment map
(4.19) i Vo — X
is surjective, the Weil orbital integral mapping [35]
(4.20) S(Vi) — S(X)
pr— M,

will be surjective also. For b € X, we will then have

w(wan(b))p(0) = 1 / (er(bu(z))p(x) d

(4.21) =7 / P(tr(by)) M, (y) dy
— ,Y—nM

So if our assumption on u holds, then the space
= {® € I(s0,) | supp(®) C Pw.N}

will be spanned by R,(V, x), and since J" generates I(so, x) as a G-module, we
will have I(sg, x) = Rn(V, x). But (4.20) is surjective if and only if V has isotropic
subspaces of dimension n, and this only occurs if m > 2n,orif m =2n and V' is
a split form (this is easily shown by actually constructing the two possible forms

of dimension m). 1

5. Jacquet modules again

If we choose the standard basis {e,...,en,€3,...,e5} for W = E?", and realize
G C GL(2n, E), as before, we may define a maximal parabolic subgroup P, C G
to be the stabilizer of the subspace E - ;. Then P; = M1 N;, where

(5.1)
a 0

0 “ -1 b € G|a€GL(1,E) and (?Y"g)eU(n—l,n—l) \
~ "6
M={m (5, )n(f—g)lb,deE"‘landceF}.

M, =

0 | P
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For the remainder of the paper, we will use a subscript n to denote objects
relating to G = G, = U(n,n): for example, I,(s,x), Rn(V,x) and M*(s, x) are
all G,-modules or morphisms, respectively. By computing the Jacquet module
of I(s, x) with respect to Ny, we obtain a relationship between I,( - ,x) and
I_1( - ,x) which will be useful for inductive arguments.

PROPOSITION 5.1: There is an exact sequence of My ~ GL(1, E) x G,_1 modules
as follows:

-~ —_ n ]- s+ 1
0— X‘ I *t3 ®In—1(3—‘2‘aX) = In(5>X)N1 i’ Xl | *3 ®In—1(s+ 'éaX) — 0.

This sequence splits when ¥|17° # x| |°. If (s, x) is normalized, this occurs when
s # 0 or x # X. Here 3 is induced by restriction to My, while o is described in
the proof of Lemma 5.5 below.

The proof follows that in [19] closely. For later use, we record the following

lemma concerning the various possible Hermitian spaces of a given dimension.

LEMMA 5.2: Let V be a non-degenerate Hermitian vector space over E with
dimension m. Fix some element a € F* ~ NE(EX).

(1) If m =1, then there are two possibilities for the isometry class of V, given
by Vi = E and (z,y)q, = xQ:¥J, where Q1 =1 and Q2 = o. Both of these
are clearly anisotropic.

(2) If m = 2, then the two possibilities are given by V; = E? (row vectors), and

(z,y)g, = xQ; 'y, where

as(t L)) e en(t )

Here, V; is a hyperbolic plane, and V5 is anisotropic.

(3) Ifm > 3, then V consists of the direct sum of a certain number of hyperbbh'c
planes with an anisotropic kernel which has dimension 0, 1, or 2, and which
appears above. In particular, when m > 3, each of the possibilities for V

has a non-zero isotropic vector.

Now we restrict the exact sequence from Proposition 5.1 to the Jacquet module

m-—n

R, (V,Xx)n, at the special value sg = =5
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PROPOSITION 5.3: Suppose that x|px = e'g/F, so = 5%, and let V be a
Hermitian space with dimension m. IfV is isotropic, let V' be the space derived
from V by removing a hyperbolic plane. Then

(1) As M, ~ GL(1, E) x G,_, modules, the sequence

0— x| "% ® In_1(s0 — %, X) — I.(s0,X)N,
L x||% ® Inca(so+ 3, x) — 0

is exact.
(2) As My ~ GL(1, E) x G,_1 modules, the sequence

0 — x| "% ® Ra_1(V!,X) =5 Ra(V,X)M, 2 X||F @ Raa(V,x) — 0

is exact. When V is anisotropic, R,_1(V', x) is taken to be zero.
(3) The natural maps between terms of the two sequences yield a commutative

diagram:

0 — In—l(SO - %a X) - In(507 X)N1 - n—l(SO + %’ X) - 0
i’ i1 T
0 - Rn—l(Vla X) g Rn(Va X)N1 - Rn—l(‘/a X) - 0

where i is the natural map, and i" is a non-zero multiple of the natural map,
and, to save space, the character x||"~% (resp. x||%) has been omitted

from the leftmost (resp. rightmost) terms.

Again, the proof is as in [19]. Next, we use these last results to prove irre-
ducibility at the remaining series of points on the unitary axis.

PROPOSITION 5.4: Suppose that x|px = €g/p» and that m and n have different
parity. Then I(0,x) is irreducible.

Note that this Proposition, together with Theorem 3.6 and the accumulated
information on submodules of I,(sq, x), completes the proof of Theorem 1.1.

Proof: Since I(0, x) is completely reducible and has no more than two irreducible
submodules, by Proposition 2.3, it is easy to see that if I(0, x) were reducible,
then it would be the direct sum of two irreducible submodules. Using the faith-
fulness of the Ny Jacquet functor, one could then show that the exact sequence
of Proposition 5.1 would split. But this does not happen in our situation, in fact,
by the next lemma. |
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LEMMA 5.5: If x|px = €} /r and m, n have different parity, then the sequence

n 1 n 1
0-— XI |2 ® In—l(_EaX) _0‘_) In(OaX)Nl i) X| |2 ® In—l(EaX) —0

does not split.

Proof: It suffices to prove that I,,(0, x)n, does not transform by the charac-
ter x||% under the action of the copy of GL(1) in M;. For any & € I,(0,x)n,
and ¢t € GL(1) we write r(¢) for the action of t on ®. It is clear that
B(r(t)® — x(t)|t|2®) = 0, so that r(t)® — x(t)|t|Z® lies in ker 3, and we may
apply o~ ! to it. We claim that o *(r(t)® — x(¢)|t|2®) # 0 for some &, which
will suffice to prove the lemma.

As in [19], we consider the mapping used to define o' on ker 8. Since 3 is
given by restriction to My, and G = P, P, || P,wP;, where

0 1
0 ln—l

ker 3 is just the image in I,(0, x)}n, of the space of functions
(5.3) T ={¥ € I,(0,x) | supp(®) C P,wP,}.

Then a~! is defined on the image of T by the integral operator

(4 (40)g) = [ ®wug) du,
where
(5.5) N ={m (5.7, )n(42) Is € B, ye F},

and g € M;. This converges if ® € T, since the integrand has compact support:

consider the maps

(5.6) P, B P\P,wP, & PwP,
p+ Pup,

and where 75 is the natural projection. Since Nj is homeomorphic to 71 (N7),
if we let f(u) = ®(wu) for u € N{ and ® € T, then supp(f) ~ m1(supp(f)) =
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w2 (supp(®)) Ny (N]). This last is the intersection of a compact set with a closed
set, and hence f has compact support.
If the support of a standard section ® € I,,(s, x) is arbitrary, then the integral

(5.4) (A(3)(®(5)) (g) = /N B(wug, s) du,

1
converges for large Re(s). The integral operator A(s) has a meromorphic contin-

uation to the whole s-plane. We will show in a moment that A(s) has at most a
simple pole at s = 0, and we write

A(s) = % + Ao+ O(s)

for its Laurent expansion at this point. Also, a simple computation shows that,
for g1 € M, and for Re(s) large,

A(s) (r(®(s))(91) = x()It15"TE A(5) ((5)) (90)-

Choose a standard section ®(s) € I,(s, x) and g; € Mj, so that A(s)(®(s))(g1)
has a non-zero residue at s = 0, i.e., such that A_;(®)(g1) # 0. Note that, for
all s, the function r(¢)®(s) — x(t)|t;3+%<1>(s) has support in P,wP;, and thus

A@)(r(®)®(s) = x(®)lt5 ¥ @(5)) (g1)
is entire and its value at s = 0 is simply
A(r(£)®(0) - x(®)|t52(0)) (g1)-
On the other hand, for Re(s) large,
A(s) (r(t)®(s) - x (D)t ¥ @(5)) (91)

=A(s)(r()®(s)) (g1) — x() [t A(s)(®(s)) (g1)
=x(t)1t1E (1t]5° — 1t1%) A(s) (®(5)) (91)-

Since the expression [¢|5* ~ |¢|§; has a simple zero at s = 0, while A(s)(®(s))(g1)
has a simple pole there wth non-zero residue, we see that

A(r(1)2(0) — x(2)[t£2(0)) (1) # 0,
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and hence that GL(1) does not act by the character t — x(t)[t|% in I,(0, x)n,-

It remains to show that A(s) has a simple pole at s = 0. Defining i: G,_1 — G
via the isomorphism and inclusion GL(1) x G,,—1 ~ M; C G,,, one then computes
that

(5'7) Mn——l(s -4 X) o A(s) =1%o Mn(S, X)'

But in our current situation, M, (s, x) has a simple pole at s = 0: this is the pole

which was removed by renormalizing via division by

n-1
a(s,) =[] ¢r(2s 43— (n = 1), x - g ).
J=0
Hence (M, (s, x)®)(e, s) has a simple pole at 0 for some ®. But one also checks
that M,_1(s — %, x) is holomorphic and injective at s = 0 (see Proposition 3.2),
so that A(s) has precisely a simple pole there. |

PROPOSITION 5.6: Let sg = 25 with m > n and x|px = €%/ F If Vi and Vy

are inequivalent m-dimensional Hermitian vector spaces over E, then
In(307 X) = Rn(Vlv X) + RTL(VZa X)

The proof follows that of Proposition 5.3 of [19], with the obvious
modifications.

If V is a Hermitian space of dimension m with n < m < 2n, then let V; be
the Hermitian space of dimension 2n — m such that V @ —V} is the split space
of dimension 2n. Here, —V; denotes the space V,, with inner product equal to
the negative of the original. The space V; exists in all cases except when V is
the non-split space of dimension 2n. When V is the split space of dimension
2n, we take Vo = 0. Notice that s = ®5* implies that —sq = gz—":im)——ﬂ, and
also that m and 2n — m have the same parity, so that R.(V, x) C I.(so, x) and

R,.(Vo,x) C In(—$0,x) can be constructed with the same character x, in the
case that y|px = €B/F

Now consider ®; € I,(s, x) and @2 € I,(~35,x). The function ¢(g) = ®1(g) -
®,(g) satisfies o(n(b)m(a)g) = |a|”¢(g), so that ¢ lies in a space of functions
which carries a unique right G-invariant Haar measure (see [1], p.11). In fact,
this measure is realized by the formula ¢ — [, @(wnn(b))db, so that we have a

conjugate-linear pairing on I, (s, x) x In(—3, x) defined by

(5.8) (B, By) = /X ®:1 (wan(b), )Ba(wan(d), —3) db.
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Now suppose that n < m < 2n, so = Z52, x|px = €5 P> and we have a Her-
mitian space V' of dimension m with complementary space Vy. If ®; € R,,(V, x)
is the image of ¢; € S(V"), and similarly for ®; € R, (Vy,x) and o € S(VF),

then for some non-zero constant c,
69 (@o)=c[ [ [ wEoy - wowda@e) ddyd.
0

Letting W = V @ (~V4) as above, and writing ¢ = ¢; ® g3 € S(W™), up to a

constant, the above pairing equals

(5.10)
/ w(trb(z,z)w)cp(z)dzdb=/ / P(trby) M, (y) dy db
x Jwn X Jx

= M,(0) = M,(0),

where M, is the Weil orbital integral map discussed in the proof of Proposition

4.3. In fact, if the moment mapping u: W2, — X is given as usual by u(z) =

sub

(z,x)w, then M, is given by the integral formula

(5.11) My0) = [ ela)ivy (@),
where, for each y € X, v, is a measure on the space u~!(y). Now, Woy =
{r € W" | rank(z) = n}, and so p~1(0) # 0 if and only if W has isotropic
subspaces of dimension n, which is the case by our construction of W. So we may
choose ¢ so that the pairing (®;, ®,) is non-zero for ®; € R(V, x), ®2 € R(Vp, X)-
Similarly, it is clear that if U is another Hermitian space of dimension 2n — m
which is not complementary to V, then R(V, x) is orthogonal to R(U, x).

Now define R(Vp, x) to be the space of vectors #, where v € R(Vp, ), and with
a € C acting via (o,7) — a - 7, and g € G acting via (g,7) — g~ 0. It is easily
checked that the pairing above defines a non-zero element of
Homg(R(V, x), R(Vo, x) ) by setting vy(2) = (v1,v3) for v; € R(V,x) and
vy € R(Vb, X).

Note that the whole picture above works out perfectly well when V is the
split space of dimension 2n, using V; = 0, and defining R(0,x) = C - x¢ as in
Proposition 4.3.
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PROPOSITION 5.7: IfV is an m-dimensional Hermitian space withn < m < 2n
which has a complementary space V,, then

Hom(R(V, x), B(Vo, ) ) #0.
In fact, since R(Vy, x) is unitarizable, we have R(Vj, x)~ ~ R(Vb, x), and so

PROPOSITION 5.8: Suppose that n < m < 2n, so that if Vi and V, are the two
inequivalent Hermitian spaces of dimension m, the complementary spaces Vi o
and Vb o both exist. Suppose also that x|px = €g/p- Then fori=1,2,

M*(SOa X)(Rn(v;a X)) = RTL(V;',Ov X)
and so
M*(307 X) (In(301 X)) = Rn(VI,O’ X) @ Rn (‘/2,0a X)

If m = 2n and x|px =1, let V} be the split form of dimension 2n. Then

M (50, x)(In(50, X)) = M (80, X)(Bn(V1,X)) = Rn (0, X)-

Proof: First suppose that n < m < 2n and let V be any Hermitian space of
dimension m which has a complement V. We are fixing x with x|px = €g /F and
so we omit mention of y for brevity. Since R,(V) is the image of S(V™) under
the mapping ¢ = w(g)p(0), by Lemma 5A.1 of the appendix to this section, we

have

(5.12) dimHgm(Rn(V),In(—so)) <1.

But by Proposition 5.7,

(5.13) 1< dimHgm(Rn(V), R,(Wp)) < dimHgm(Rn(V),In(—so)) <1,

so that both dimensions are 1. Now suppose we can show that M (so) R, (V) # 0.
Then M} (so) must be the unique non-zero operator in Homg(R,(V), I,,(—s0))
and hence also in Homg(R,(V), R,(Vy)). By the irreducibility of R,(V}), we
could then conclude that M} (so)R.(V) = Rn(Vh), as desired.
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Hence it suffices to prove that M*(so) R, (V) # 0 for each space V which has a
complement. For the moment, suppose that n < m < 2n, so that each space V;
has a complement (i = 1, 2). By Proposition 5.6, since I,,(s) is generated by the
two spaces R, (V;), and since M¥(sy) # 0, we know that M (so) is non-zero on
one of the two subspaces. Without loss, we then suppose that M} (so)R.(V1) =
R,.(V1,0), and prove the corresponding identity for V5.

First, suppose that x|px = €gsp, so that m is odd. In this case, fix an
element a € F* ~ N(E*). Choose a basis {v1,...,vm} for V1, and note that the
matrices Q1 = ((vi,v;)1) and Q2 = (a(v;,v;)1) have determinants which differ
by a - (a™F")2. Hence when considered in F*/N(EX), det(Q:) # det(Q2). In
other words, we may take V5 to have the same underlying space as Vi, but with

Hermitian form equal to @ - (, );. As in [19], one then checks that conjugation

by

(5.14) Ta = (16’ a-Ol ) € GL(2n, E)

induces an outer automorphism Ad(7,) of G,, which preserves the space I,(so)
and intertwines the subspace R, (V1) with R, (V2), and similarly for R,.(V;,0) and
R, (V2,). We may also compute that for ® € I,(so),

(5.15) M (50)(Ad(7a))® = x(a")[a]"** (Ad(7a)) (M (50)D)-

Hence if ® € R,(V;) and M} (s0)® # 0, then &, = Ad(7,)® € R,(V2) and
M (s50)®, # 0 also. It follows that M*(so)Rn(V2) = Rn(V2,0).
On the other hand, if x|px = 1, then for any s,

(5.16) I.(s,x) ~ Indg0 (x) ~ x¢ ® Indgo(l)

as representations of K = GNGL(2n, O), writing Py = PN K temporarily. We
now claim that I,(s) is multiplicity-free as a K-module. By the above, this is
true if and only if the algebra Hompg (A, A) is commutative, where A = Indg0 (1).
Now, there is an algebra isomorphism from the Hecke algebra H(K//P) to
Homg (A, A) given by f — fx, where f* stands for convolution with f €
H(K//Po). In order to prove that the Hecke algebra with convolution is commu-
tative, it suffices (as in Rallis [26]) to find an anti-involution 7 of K satisfying
7(k) = p1kp2 for some p;,ps € Py depending on k € K. This is provided by
modifying the proof in the appendix to §4 of [26], using the definition

(5.17) (k) = <(1) (1)) tlE(? (1))



Vol. 98, 1997 DEGENERATE PRINCIPAL SERIES FOR U(n, n) 293

Hence I, (s, x) is multiplicity-free as a K-module if x|px = 1. Next, let © be a
K-type in I,(s). Then, when restricted to ©, M;(s)|e = Ce(s) - Ide, for some
entire function Cg(s). By the proof of Proposition 3.2, it is immediate that
TS X) Y (—8, X
Co(s) - Co(—s) = %3—,7;—*_(15—5, X)) for all ©.

But now suppose that n < m < 2n, so that 0 < m’ = 2n — m < n. Then
so > 0 and -Z—((:—;; =0 at s = sq, while it is non-zero at s = —sg (by Lemma 3.5).
So Co(s) - Co(—s) has a simple zero at s = s.

The proof of the following result follows closely the proofs of Theorem 2.8 of
(14] and Proposition 4.4 of [17].

LEMMA 5.9: Suppose that x|px = e%‘/F and that V is a non-degenerate

Hermitian vector space with dimg(V) = m. Let so = ™5™, Then set

d = di H S(V™),1® I, (=50, %)),
‘m‘CU(V)QIE‘(‘n,n)(( ), 1® In(=50, X))

where the Weil representation acts on S(V™) as described in Lemma 4.1. Let |
be the Witt index of V. The following inequalities hold:
(1) if m < n, then d = 0.

(2) If n <m < 2n, then d < 1.
d=0 ifm=2n andV is non-split,
(3) If 2n < m, then

d <1 otherwise.
Note: we actually prove that d = 1 in all cases above in which this is allowed.

By Lemma 5.9,
(5.18) dimHgm(Rn(Vi,g), I.(s0))=0 (i=1,2),

which implies that, for any @ € R,.(V;0), Co(—s0) = 0, so that Ce(so) # 0.
Hence M7(so) hits everything in R,(Vi,0) ® Rn(V2,0). Since we assumed that
M} (s0)R. (V1) = Rn(Vi,0), this implies that in fact M} (s0)Rn(V2) must be non-
zero, as desired.

Next, suppose that m = n and m is even. Then I,(0) = R, (V1) ® R,(V2). As
above, we see that Co(0)? # 0 for any K-type © in I,(0), so that M (0) is an
isomorphism. By our assumption, clearly M (0)R,(V2) = R,(V2).

Finally, suppose that m = 2n and V is split. Then V has as its complementary
space Vy = 0, and we recall that I,,(sg) = R,(V) in this case. But then as at the

beginning of our proof,

(5.19) dim Hgm(]n(sg), R,(0)) = dimHgm(In(so), I(-s0)) =1,
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and so both spaces are spanned by M (sg). Hence M} (so)R,(V) = R, (V).
|

PROPOSITION 5.10: Suppose that n < m < 2n and that x|px = €B/F Then
kerM (SOa ) Rn(Vla X) N Rn (V2a X)

Note that this is 0 when sq = 0.

Proof: We are assuming that 0 < so < 7. First, recall that if so = 0, then
I,(0,x) = Ro(V1,X) ® Rn(Va, x) is the sum of two irreducible, inequivalent sub-
spaces. We noted in the preceding proof that M (0, x) is an isomorphism, so the
kernel is 0 and we are finished in this case.

The proof is by induction on n, so we note that if n = 1 and n < m < 2n,
then sy = 0, and we are through. So we assume the result for G, _;, and for
allmwithn—-1<m < 2n—-2. If n < m < 2n, then by Proposition 5.6,
I,(s0) = R.(V1) + R,(V2), suppressing mention of x. Here V; % V5, and both
spaces have complements. Also by the preceding Proposition, we have an exact

sequence
(5.20) 0 — Yo(80) = In(50) 2 Rn(Va,0) ® Rn(Va,0) — 0

where ) is induced by M (sg), and Y;,(so) is its kernel. Applying the (exact)
N;i-Jacquet functor to this, we obtain

(5.21) 0-Y, (SO)NI — I, (50) —) R, (V1 0)1\/1 & R, (‘/2 o) — 0.

The exact sequences of Proposition 5.3 (1) and (2) split, so by considering the
characters of GL(1) C Mj, it is clear that Ay, segregates into A; @ A2, where

(522) /\1: In~1(30 -
gt In_1(s0 +

) — Rn_l(Vll,O) ® Rn—l(V2l 0) - 0’

»

) - Rn—l(vl 0) ® Rn—l(%,o) — 0.

)

N

N

Now A; € Homg,_, (In-1(50 — 3), In—1(3 — s0)), and by considering Theorem

2.2 (1) and Proposition 5.8, one can see that the basis for this Hom space can

be constructed from M*(sq — 3) composed with projection onto the two sub-

representations R, _;(V/ ) Since A; is surjective, it must in fact have the same
kernel as M™*(sg — —) The same statement is true for Ay and M*(sp + 5 ) But
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now n < m < 2n, so that n — 1 < m — 2 < 2(n — 1), and so by our induction

hypothesis, we have

ker(Ay) = Rn—l(Vll) n Rn—l(V2I)
and

ker()\g) = Rn—l(Vl) n Rn—l(%),

so that
Ya(s0)n, = (Rac1(V)) N Rac1(V3)) ® (Rr—1(Vi) N Ry—1(V2))-

As in [19), this implies that Y,(so) = Rn(V1) N R, (V2). |

6. Exponents and the intertwining operators

In order to complete our information about the composition series of (s, x) and
to compute the action of the normalized intertwining operator M *(s,x) on the
constituents, we consider the exponents of the constituents of I (s, x). Let B be

the standard Borel subgroup of G containing the maximal torus
(6.1) A= {m(a) € G |a=diag(ai,...,an) for a; € EX},

and define the character pp of A by m(a)?® = ég(a)?. If m(a) € A is as above,

one computes that
_1 _3 1
(6.2) m(a)?® = la1|p *lazlg * - lanlE,

which we represent by writing

Let U = U, be the unipotent radical of B. We will compute the exponents
of the constituents 7 of I, (s, x) along B, that is, the characters u of A such
that m(a)#**8 occurs in a decomposition of the Jacquet module 7y into a sum
of generalized eigenspaces. As in [19], we compute 7y by noting that 7y ~
(7N, )unum, » and applying the U N M, Jacquet functor to the exact sequences of
Proposition 5.3. Note that U, N My ~ Up_1 C G, under the identification
M; ~ GL(1,E) x Gn_1, and so as GL(1) X A,_; = A, modules, we have

(6.3) 0— x||7°"2 ® In—1(5 = 4, X)Uny — In(5, XU
- Xl |s+% ® I’n—l('S + %a X)Un—x — 0.
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There is a one-to-one correspondence between the exponents p of I,(s, x) and
sequences (1, ...,¢,) of length n which occur as you move successively either
left or right in the exact sequence above, setting c; equal to the GL(1) exponent
minus pg(k) on the k*" move. But in fact, one obtains 1 — s — (2F1) on the first
left move, regardless of when this occurs, and similarly k—s—(241) on the k*? left
move. The k*" right move always produces a component s+ (%) —n+ (k—1).
So the exponents are all “shuffles” of the components resulting from left moves
with those resulting from right moves. Here we define a shuffle as follows: If
an ordered sequence E of length n is divided into two ordered subsequences,
E = (A; B), then a shuflle of E is a sequence which results from a permutation
of E which preserves the relative ordering of the elements of A, and also those
of B.

PROPOSITION 6.1: The representation I, (s, x) has 2™ exponents, which may be
described as follows. For each r, with 0 < r < n, every shuffle of the n-tuple

l—s— n+1 9_ s n+1 n+l)
5 , 2 yeery T — 8 3 ;
1 1
s+(n; )—n,...,s+<n; )—r—l)

is an exponent. Moreover, these exponents are counted with multiplicity.

When we compute the exponents for the spaces R,(V, x), the only difference
is that the maximum number of possible left moves is limited by the number of
hyperplanes which can be removed from V.

PROPOSITION 6.2: Let | be the Witt index of the Hermitian space V (the di-
mension of a maximal isotropic subspace of V). Then the exponents of R, (V, x)
are obtained as follows. For each r with 0 < r < min(n, ), every shuffle of the

o (=)o (252) o (257)

n-tuple

is an exponent of R, (V, x); and, when counted with multiplicity, these are all of
the exponents.
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Now we must study the combinatorics of the exponents to proceed further. Let
o= mT‘H for ease of notation, and for 0 <r < n, let

(6.4) =(1-p2-p,...,T—p),

A,
B.={(p—n,p~n+1,...,p—(r+1).

As in Propositions 6.1 and 6.2, we see that the shuffles of E, = (A,; B,) for
0 < 7 < n correspond to the exponents of the I,.(s,x) at s = B5%.

Now consider the exponents corresponding to the submodules R,(V;, x) for
n < m < 2n. With m and n in this range, suppose that m is even. Then we let
V1 be the split space composed of % hyperbolic planes, so that the Witt index
of V1 is . The other space V3 can be taken to be the direct sum of the unique
2-dimensional anisotropic space with 7 — 1 hyperbolic planes, so that the Witt
index is 7 — 1. If m is odd, then the two possibilities both have Witt index —mz;l,
and result from adding this many hyperbolic planes to an anisotropic space of
dimension 1, whose form is specified by 1 € F* for V}, or a € F* ~ N(E*) for

V5. So, to be uniform, we define
(6.5) I = {all shuffles of E, for 0 < r < n, counted with multiplicity},
and (omitting mention of multiplicities from now on)

(6.6) Ry, = {all shuffles of E,. for 0 < r < [—Tg]} ,

Ry = {all shuffles of E, for 0 <r < [mz— 1] },

so that T represents all exponents of I,,(sg, x) (and in fact, those of I,(—so, x) as
well), and R; represents the exponents of R,(V;,x) for ¢ = 1,2 by the remarks
above, and Proposition 6.2. We then let

(6.7) S = {all shuffles of E, for [m + 2]

1
Sy = {all shuffles of E,. for [m;— ] <r< n} ,
so that clearly I = Ry + S, = Ry + S3, where + denotes the disjoint union,
increasing multiplicities appropriately (and below, — denotes the difference of
sets, again taking multiplicities into account). One then checks that S; represents
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the exponents of R, (V20,x), and similarly for S; and R, (V1 ,0, x). In particular,
note that when m = 2n, V; has no complementary space, and correspondingly,
S; = 0. We also let D denote the set of exponents of R, (V1, x) N Rn(Va, x). We
then have the following combinatorial facts:

PROPOSITION 6.3: Let n < m < 2n. Then
(1) S3 C Ry and S; C R,.
(2) I —51—S; =Ry — Sy =Ry — 5y, and if we call this last set D, then all
sequences in D) occur with multiplicity one.
3y DNS; =0 fori=1,2.

Proof: For n < m < 2n, M2 (30, x) induces an isomorphism
(68) Rn(Vla X)/(Rn(Vh X) N Rn(V27 X)) = Rn(VI,O’ X)

(by Propositions 5.8 and 5.10), and hence of the corresponding U-Jacquet
modules. This implies that R; — D = Sy, which (with the analogous result
Ry — D = 5,) is equivalent to all statements from (1) and (2) save the one about
multiplicity. (1) and (2} are also trivially checked in the case m = 2n. The
assertion of multiplicity one for D together with (3) can be handled purely com-
binatorially (as can the other results of (1) and (2) for that matter) by following
the blueprint of Proposition 6.2 of [19]. |

PROPOSITION 6.4: Ifn <m < 2n and x|px = €g,p, then

ker M;;(—s0,Xx) = Rn(V1,0,Xx) ® Rn(V2,0,X),
ima‘geMr*z(_'SO, X) = Rn(‘/l’ X) N Rn(V% X)

In particular, if m = 2n, then

o N
kerMn(—E,x) = R,(0,%),
. o T
mage Mn(_'z's X) = Rn(V2,X)'

Proof: First, we may write I(sg)y = X @Y, where Y is the direct sum of all
generalized eigenspaces having exponents in D, and X is the sum of all spaces
having exponents in I — D. Since all exponents of Y have multiplicity one, and
are distinct from those of X, there is a small neighborhood of s¢ on which we may
write I(s)uy = X(s) ® Y (s), where the exponents of X(s) and Y (s) interpolate
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those of X and Y, and they still have the characteristics just mentioned. Since
I also represents the exponents of I,,(—sg), we may do the same for I(s)y in a
neighborhood of —sg. Now fix any character u € D, and extend the correspond-
ing eigenvector in Y'(sp) to an eigenvector fi(s) € Y(s) for u(s) by choosing a
representative in I, (s, x) and using this to define a standard section in I,,(s, x).
f1(s) may then be taken to be the image under the U-Jacquet functor of this
section. Do the same for the eigenvector in Y(—s) corresponding to p(—s), so
that fa(—s) € Y(—s). Now, we have induced operators M (%s, x)y which must
preserve the spaces Y (%s) C I, (+s)y, respectively. So

(6.9) M (s)u fi(s) = c(s) fa(—s)
My (=s)u fa(—s) = ¢'(s) f1(s)

for some holomorphic functions ¢(s) and ¢/(s) defined in a neighborhood of sg.
Since f1(so) transforms according to p € D under the action of A, we see that
M} (so)u f1(so) = 0 by recalling that the image of M (so) has exponents equal
to Sy U Sy, which is disjoint from D (see Proposition 5.8). Hence c(sg) = 0. But
we also see that

: v(s) (=9

c(s)c'(s) = g@ : a(=s)’

by the usual trick, and, as in the proof of Proposition 5.8, the expression above
has a simple zero at s = sg. Hence ¢/(so) # 0, so that M,:(—sq)y is non-zero on
Y(—s0). But by Lemma 5A.1, R,(V1,0) ® Rn(Va0) C ker M;(—sp), so that in
fact these last spaces are equal. Finally, it follows from the disjointness of D and
the S; that the image of M(—so)v is Y(so) = (R(V1) N R.(V2))u, from which
we conclude that image M*(—sg, x) = Ra(V1, x) N R (Va, X). 1

(6.10)

PROPOSITION 6.5: Ifn < m < 2n and x|px = G’E/F, then R,(V1,x) N Rn(Va2,X)
is the unique irreducible submodule of I,(sg, x)-

Proof: Suppose that W C R,(Vy,x) N Ro(Va,x) C I.(se, x) is irreducible and
non-zero. Then as in the proof of Theorem 3.3, we may construct an operator
o1: In(=80,x~ 1) — W% — 0. But consider

(6.11) 02t In(—30,X)° = In(=s0,x™ ") — W% — 0.

In fact, @9: I,(—s0,X) — W is a surjective G-morphism, and we may regard
n

2 as lying in Homg(In(—50, X), In(S0,X)). But now —% < —s¢ < 0 so that
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this Hom space is one-dimensional by Proposition 2.2, and hence ¢5 is a
non-zero multiple of M}(—so,X). By the preceding proposition, this has im-
age R,(V1, x) N R,(Va2,x) = W, and so this last space is irreducible. Uniqueness
follows by Proposition 2.3. |

PROPOSITION 6.6: If x|px = 1, then ker M*(3, x) = Rn(Va2, X).

Proof: This is easily seen from the fact that all exponents of I,(%,X) have
multiplicity 1, since I = SoUD with D = Sy = the set of exponents of R,,(V2, x),
]SQIII, andSzﬂD=0. [ |

7. Sketch of proof for GL(2n, F)

Finally, we sketch the proof of Theorem 1.3 of the introduction, which concerns
the induced representation I(s,0) = Ind% (01| |3 © 09} |5°) of G = GL(2n, F),
where P is the standard GL{n) x GL(n) maximal parabolic. Let all notation
be as in the paragraph immediately preceding Theorem 1.3. We also use the
following convention from [2] and [36]: given a character n of F* and s € C,
let n(s) be the quasi-character  — n(z)|z|%. Consider the quasi-characters of
GL(1, F) x --- x GL(1, F) (n copies) given by

B1=(oafs +352),01(s+ 35%), . on(s + 254), and

Dy = (02(—s+ 1—;—"),02(—3 + 3—;'1), sy o2(—8+ ﬁ;—1))

(we think of these either as sets of quasi-characters of F*, or as quasi-characters
of the product of n copies of GL(1, F)). In the notation of Bernstein and
Zelevinsky, these are segments: sets of quasi-characters (or more generally, su-
percuspidals) which are of the form (p, p(1), p(2),...,p(k)) for £ > 0, where p
is a quasi-character of F'* (respectively, a supercuspidal). Corollary 2.9 of [36]
tells us that for any segment A composed of n quasi-characters, the represen-
tation IndgL(n’F)(A) has a unique irreducible subrepresentation Z(A). Here B
is the standard (upper triangular) Borel subgroup of GL(n, F). It is easy to see

(example 3.2 of [36]) that in our situation
Z(£1) = 01|y € Ir(GL(n, F)),  and
© Z(A2) = 0q]|° € Irr(GL(n, F)),

so that our representation I(s, ) is in fact equal to Ind$(Z(A;) ® Z(Ag)). By
Theorem 4.2 of [36], this representation is reducible if and only if the segments
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A1 and As are linked: that is, if and only if A} ¢ Ag, and A1 & Ag, and N jUA,
is a segment. Given our normalization of s and o, it is easily checked that this
happens precisely for (s, ) as given in item (1) of our Theorem 1.3. In addition,
the length of the composition series and the identification of one constituent as
induced from a certain maximal parabolic are given in Proposition 4.6 of [36].

Now we assume, for the moment, that 0 = o; = 03, and describe the re-
lationship between the constituents at the points of reducibility and the Weil
representation. We begin by considering the ring £ = F @ F with component-
wise addition and multiplication, and with an involution given by 2 = [z, 23] —
% = [z2,z1). We may identify F with the fixed field of the involution, and so nat-
urally define a trace operator from E to F via T([z1,z3]) = 21 + x3. Define two
E-modules V and W with ‘Hermitian’ and ‘skew-Hermitian’ forms (respectively)
via

V =E™ (col. vectors) and  (a,b) =[‘'a;-bo, ‘az- by,

where a,b € V are written in the form a = [a1,a) € F™* & F™,
W = E?™ (row vectors) and  {c,d) = [c;J 'd, caJ td1],

for ¢,d € W of the form ¢ = [c;,c2] € F?™ & F?*. Here J is as in equation
(1.1). It is easily seen that the isometry groups H and G of the respective spaces
V and W satisfy H ~ GL(m, F) and G ~ GL(2n, F) by ‘projection on the
first factor’. As in the unitary case, we set W = V ®@g W with a symplectic
form over F given by < ,>»=T((,) ® (,)). Then H x G forms a dual pair in
Sp(W), and, corresponding to the complete polarization W = E™ @ E™, there is
a natural complete polarization W = V™ @ V™ and a Schrodinger model S(V™)
for the Weil representation of the metaplectic cover of Sp(W). This projective
representation now splits over both G and H: we write w for the restriction of
the Weil representation to H x G acting in the space S(V"). One then checks

that the mapping
S(V™) — IndS(|[z* ®|[z7 ) givenby
@ — {g > w(g)p(0)},

is well-defined, G-intertwining, and intertwines the natural action of H on the left
with the trivial action of H on the right. Setting so = ™5, we may then twist
the image of the above map by ¢ so that it lies in I(sg, ). We denote this twisted
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image in I(sg,0) by R,(m,0). Now for 1 < m, there are only two possibilities
for R,(m,o): all of I(s,o), or the unique irreducible submodule guaranteed by
Bernstein and Zelevinsky.

To check that R, (m, o) = I(sp,0) when m > n, we use the argument of Propo-
sition 4.3 (3) above. Because of the similar formulas for the Weil representation,

this amounts to checking that the moment map
K S?lb — X

is surjective for m > n. Here p is defined on all of V™ just as in equation
(4.8), and VJ, is the subset of V™ on which p is submersive: which is to say
Ve, = {z € V" | du, is surjective}. But there are natural isomorphisms V" ~

8

M(m,n,F) x M(m,n,F) and X ~ M(n, F) which allow us to model p using

W' M(m,n, F)? — M(n, F),

[a,b] — ta-b.

For m > n, the set of [a, b] for which d,u’[a‘b] is submersive consists of those for
which the matrix (a: b) € M(m,2n, F) has rank at least n. It is then easy to
see that u: V2, — X is surjective, and hence that R,(m,o) = I(sg,0). Also,
by using the method of Proposition 3.1 of [19], one may show that R,(m,o) is
irreducible and unitarizable if 1 < m < n (even as a representation of P), so that
it must in fact be the unique irreducible subrepresentation of I(sg,o) in these
cases. The case m = 0 is obvious.

Next, we briefly describe the normalization of the intertwining operator
M(s,0): I(s,0) — I(—s,5), which is defined in equation (1.9) of Theorem 1.3.
We again let ¢ = (01,02) be arbitrary. As in the unitary case, it is useful to
study the operator M (s,o) applied to special sections of the form ®,(s), for
¢ € 8§(X) (see equation (3.12)), writing X = M(n, F). An easy computation
along the lines of Proposition 3.1 shows that

dx
|z’

M(5,0)@,(wn) = /X 01(2)o2(z) " al2* olz)

and so we are led to study zeta integrals of the form

Z(s,x.0) = /X x(@)lalp o(z) o

|z’
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for characters x of F*. Here, X is a vector space on which GL(n, F) acts by left
multiplication, and the non-singular matrices Y C X form a single GL(n, F)-
orbit. So we again have a pre-homogeneous vector space (GL(n, F), X,Y) and
a functional equation for Z(s, x) as in [8]. Igusa computed the gamma factor in
a second paper [9], and, translating his results, we have the following functional
equation:

Z(s,x,0) =T(s,x)- Z(n—s,x ", @),

where ¢ is defined appropriately (using our additive character ¢), and where the

gamma factor is given by

n—1
I(s,x) = [] pr(s =i, %)-
i=0

By Rallis’s Lemma, the operator M(s,o) has the same zero and pole behavior
as Z(2s,xo), Writing x, = 01/09, and we may analyze this last by the method
of [24]. From this, we deduce that the correct normalization consists of dividing
by the full numerator of T'(2s, x) (even though all but one of the zeta functions
appearing there, cf. equation (3.11), could be canceled with those in the denom-
inator, leaving exponential factors). So the correct normalization of M(s,o) is
as given in Theorem 1.3. Also note that we may define a generalized Whittaker

integral on I(s, o) via
W(5)2)(6) = [ Blwnn(o)g,5)v(cr(t)) db
(there is just one to consider). This has a functional equation
W(=s)o M(s,0) =T(2s,x5) - W(s),

with the same gamma factor given above. As before, we see that

F(2S, Xo) F(—2S, X;l)

(7.1) M (=8,0) e M™(s,0) = 20y 2o

and so M*(s,0) cannot be surjective if (s, ) is a point of reducibility of I(s, o)
(these points are precisely the zeros of the right hand side of (7.1)). This tells
us that the kernel and image of M*(s, x) must be as claimed, since M*(s,0) is

non-zero and non-surjective at the points of reducibility.
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